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k-Means/Sum of Squares Clustering: Quick Review

Input

k: a parameter (e.g., k = 3)

n d-dimensional vectors

Output

Clusters {Ci}i∈[k] with centroids {µi}i∈[k]

Objective: min
k∑

i=1

∑
x∈Ci

∥x− µi∥2

(Equivalent by Huygens’ theorem)
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k-Means/Sum of Squares Clustering: Complexity and Approaches

k-means is NP-hard, even for k = 2.1

1Aloise et al., NP-hardness of Euclidean sum-of-squares clustering
2Arthur & Vassilvitskii, k-means++: The Advantages of Careful Seeding
3Bahmani et al., Scalable k-means++
4Lloyd, Least square quantization in PCM
5Bahmani’s slides on k-means||

https://doi.org/10.1007/s10994-009-5103-0
http://ilpubs.stanford.edu:8090/778/
https://doi.org/10.14778/2180912.2180915
https://doi.org/10.1109/TIT.1982.1056489
http://web.archive.org/web/20151106080920/http://web.stanford.edu/group/mmds/slides2012/s-bahmani.pdf
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Some Motivation

“Vector Similarity Search” is very popular in machine
learning recently, with a lot of active development.

Time for One Lloyd Iter (k = n/128)
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1Sivic & Zisserman, Video Google: A text retrieval approach to object matching in videos
2Jégou et al., Product Quantization for Nearest Neighbor Search
3Chen et al., SPANN: Highly-Efficient Billion-scale Approximate Nearest Neighbor Search
4Sun et al., SOAR: Improved Indexing for Approximate Nearest Neighbor Search

https://doi.org/10.1109/ICCV.2003.1238663
https://doi.org/10.1109/TPAMI.2010.57
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would benefit from very large k.

Many would benefit from large k (k ≈ n/c for small
c), but current methods are too slow.

All methods on the previous slide have a linear
dependence on k.

Focus on large n ∈ [106, 109], k ≈ n/c, and d ≥ 100.

Would take weeks with currently methods →
Focus on real performance, not asymptotics.
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Bottleneck Testing

Typical approach:

Init centroids with one of:
k-means++
k-means||
uniform random sampling

Lloyd’s algorithm for local search

Iterate until timeout

Accelerate each step on GPU

Small k: k-means++ and || are very good

We have large n and k, e.g. n = 5e6 and k = 1e4.
Large n/k: Only Lloyd’s algorithm matters (right)
Conclusion: Want to accelerate Lloyd’s algorithm 0 100 200 300 400 500
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Lloyd’s k-Means Method

1. Initialization: Sample k centroids uniformly
from the dataset.

2. Iterate (local search):
Assignment: Assign each point to the
nearest centroid.
Mean Computation: Update each centroid
to be the average of points assigned to it.

Bottleneck is Assignment step.
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1. Initialization: Sample k centroids uniformly
from the dataset.

2. Iterate (local search):
Assignment: Assign each point to the
nearest centroid.
Mean Computation: Update each centroid
to be the average of points assigned to it.

Bottleneck is Assignment step.

Key observation: Assignment step is a
nearest-neighbour problem.

Lloyd’s algorithm is very limited in theory.
But it’s very good in practice.

Iter 4b: Compute Means
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Lloyd Iterations with a Black-box ANNS Data Structure

(Surprisingly) new alternative iteration approach:

Build: Construct an approximate nearest
neighbor search (ANNS) data structure on the
centroids.

Assignment: Use the data structure to assign
each data point to its nearest centroid
approximately.

Mean Computation: Unchanged

1Borodin et al., Lower Bounds for High Dimensional Nearest Neighbor Search
2Liu, A strong lower bound for approximate nearest neighbor searching
3Malkov & Yashunin, Efficient and Robust [ANNS] Using Hierarchical Navigable Small World Graphs
4Raschka et al., Machine Learning in Python: Main developments and technology trends [...]

https://doi.org/10.1145/301250.301330
https://doi.org/10.1016/j.ipl.2004.06.001
https://doi.org/10.1109/TPAMI.2018.2889473
https://doi.org/10.48550/arXiv.2002.04803
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(Surprisingly) new alternative iteration approach:

Build: Construct an approximate nearest neighbor
search (ANNS) data structure on the centroids.

Assignment: Use the data structure to assign each
data point to its nearest centroid approximately.

Make sure not to regress (compare assignments)

Mean Computation: Unchanged

Conclusions:

Dimension reduction (quantization) generally bad

HNSW3 is really good!
Almost as good as Nvidia’s own GPU
imlementation.4
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Main Improvements: Beating Black-Box HNSW

Centroids “slow down” over time:

Rebuilds (omitting details)

Multiple extra “seed points” from prev
assignment

Often also improve:

Min iteration threshold

Bulk queries for more seed points

Now (mostly) beating GPU implementations
with CPU.

100 200 300 400 500
Time(s)

39.5

40.0

40.5

41.0

41.5

M
e
a
n
-S

q
u
a
re

d
 E

rr
o
r

Score over time in dpr5m_base with k=10000

CuMLKMeans

FaissHNSWKMeans

MopKMeans

PyTorchKMeansGPU

ScikitKMeans



9/10

More Results
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Conclusion + Open Theory Question
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A one-line algorithm change gives good starting
point1 (tad worse in practice, better in theory?)
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